This paper introduces a reconfigurable one degree-offreedom spatial mechanism that can be applied to repetitive motion tasks. The concept is to incorporate five pairs of noncircular gears into a six degree-of-freedom closed-loop spatial chain. The gear pairs are designed based on the given mechanism parameters and the user defined motion specification of a coupler link of the mechanism. It is shown in the paper that planar gear pairs can be used if the spatial closedloop chain is comprised of six pairs of parallel joint axes, i.e. the first joint axis is parallel to the second, the third is parallel to the fourth, …, and the eleventh is parallel to the twelfth. This paper presents the detailed reverse kinematic analysis of this specific geometry. A numerical example is presented.
INTRODUCTION
The reverse kinematic analysis of spatial mechanisms has been widely studied for practically any combination of revolute, cylindrical, and prismatic joints, see [1] - [16] . Many solution techniques were investigated to obtain the reverse kinematic analysis. Duffy and Rooney [15] introduced a unified theory for the analysis of spatial mechanisms which was utilized on many cases (Crane and Duffy [16] ). Other solution techniques include numerical iteration and continuation methods [17] - [21] . The approach used in this paper, based on the unified theory, has the advantage in that solutions are obtained without the requirement for any iterations or initial guess values.
The 7R mechanism is the most complicated kinematic analysis of a one degree of freedom spatial loop and this was referred to as the "Mount Everest of kinematic problems" by Professor Ferdinand Freudenstein. Duffy and Crane [22] obtained a 32 nd degree input-output equation in the tan-halfangle of the output angular displacement for this mechanism. Lee and Liang [23] later obtained a 16 th degree polynomial input-output equation in the tan-half-angle of the output angular displacement. More recently, Husty, Pfurner and Schröcker [24] used multidimensional geometry and Segre manifolds' theory to interpret the nature of the general 6R-chains reverse kinematic problem.
This paper presents the solution of a spatial 7R closed-loop mechanism with consecutive pairs of joint axes parallel. The motivation of this work is related to future applications of spatial motion generation incorporating non-circular gears. Fig.  1 (a) shows a planar motion generator where two pairs of noncircular gears have been designed in order to attain a desired motion of the coupler link of a six link mechanism. Fig. 1(b) shows an extension of this concept to the spatial case. Five pairs of non-circular gears have been designed and incorporated in a twelve link closed-loop chain to obtain a one degree-offreedom mechanism where the coupler link (containing point P) follows a desired motion profile. Planar non-circular gears can be utilized if adjacent joint axes are parallel as shown in Fig.  1(b) . The closed-loop mechanism can be separated into two six-axis open-loop mechanisms. A reverse kinematic analysis of this device is required in order to design the non-circular gears that will position the distal link as desired for the specified motion profile. This paper details the reverse kinematic analysis of this particular six axis open-loop chain. The special geometry is that the 1  st and 2  nd axes are parallel, the 3  rd and 4 th axes are parallel, and the 5 th and 6 th joint axes are parallel.
Figure 1:
Incorporation of planar non-circular gears into (a) planar mechanism and (b) spatial mechanism to obtain one degree of freedom motion generation. 
NOMENCLATURE

REVERSE KINEMATIC ANALYSIS
Problem Statement
Find
The joint angle parameters φ 1 , θ 2 , θ 3 , θ 4 , θ 5 , and θ 6 that will position and orient the last link as specified.
Determination of Equivalent Closed-Loop Spatial Mechanism
The solution method for this problem follows the approach defined in Crane and Duffy [16] . First the coordinates of the origin point of the 6 th coordinate system are calculated as
At this point the 4x4 transformation matrix that describes the position and orientation of the 6 th coordinate system with respect to ground, T F 6 , is known since the fourth column of the matrix is defined by 
where:
Next, a hypothetical seventh joint axis is defined by arbitrarily selecting values for the parameters a 67 and α 67 . The selected values for these parameters are a 67 =0 (4) α 67 =90°. A hypothetical link (see Figure 3 ) is then inserted between the new seventh joint axis and the first joint axis. Three distances, S 7 , a 71 , and S 1 and three angles, α 71 , θ 7 , and γ 1 are then readily determined as described in [16] . The angle γ 1 is shown in Figure 3 and its relation to θ 1 can be written as
Figure 3: Hypothetical closure link
At this point an equivalent closed-loop spatial mechanism, formed by seven links and seven revolute joints, has been defined where all the link lengths, a 12 through a 71 , all the twist angles, α 12 through α 71 , and all the joint offsets, S 1 through S 7 , are known. Further the resulting closed-loop mechanism is a one degree-of-freedom device where the angle θ 7 is known.
Equivalent Spherical Mechanism
Crane and Duffy [16] solve closed-loop spatial mechanisms by introducing sine, sine-cosine, and cosine laws for an equivalent spherical mechanism that is associated with the closed-loop mechanism. These laws provide expressions that contain only the joint angles and twist angles of the spatial mechanism. An equivalent closed-loop spherical mechanism can be formed from the closed-loop spatial mechanism by translating the directions of the joint axis vectors and the link vectors so that they all intersect at a point. Spherical links may be inserted on a unit sphere to maintain the angular relationships between the joint axis vectors. The equivalent spherical mechanism for the case under consideration is shown in Figure 4 . The equivalent spherical mechanism has reduced to a quadrilateral since the spatial mechanism has adjacent axes parallel.
A spherical quadrilateral is a one degree-of-freedom mechanism (further information about mobility see Real et al [26] ). In this case θ 7 is known and it is thus possible to obtain solutions for the remaining angles of the spherical quadrilateral which in this case are the three sums θ 1 +θ 2 , θ 3 +θ 4 , and θ 5 +θ 6 . 
Solution of Spherical Quadrilateral
The solution starts with solving the spherical quadrilateral depicted in Figure 4 to find the sums of the angles θ 1 +θ 2 , θ 3 +θ 4 , and θ 5 +θ 6 . A detailed solution is presented in [16] which also presents a derivation of the sine, sine-cosine, and cosine laws for a spherical quadrilateral that will be used here.
Solving for θ 1 +θ 2
A spherical cosine law may be written that will relate the angle θ 7 and the joint angle sum θ 1 +θ 2 . This cosine law is written here as The terms s ij and c ij represent the sine and cosine of the twist angle α ij and the terms s i and c i represent the sine and cosine of the joint angle θ i . Equation (7) can be solved for two solutions for θ 1+2 which will be referred to as θ (1+2)A and θ (1+2)B , where θ (i+j) = θ i +θ j .
Solving for θ 3 +θ 4
Corresponding values for the sum θ 3 +θ 4 can be determined from a sine and sine-cosine law for the equivalent spherical quadrilateral. These equations are written as The corresponding values for θ (3+4)A and θ (3+4)B for each value of θ 1+2 are obtained from (8) and (9).
Solving for θ 5 +θ 6
Corresponding values for the sum θ 5 +θ 6 can be determined from the following sine and sine-cosine laws:
  
The corresponding values for θ 5+6 are obtained from (10) and (11) 
Spatial Mechanism Joint Angles
In this section, the individual joint angles θ 1 through θ 6 are obtained from projections of the vector loop equation of the spatial mechanism and from knowledge of the sums of angles that have been previously determined.
Vector Loop Equation
The vector loop equation for the equivalent closed-loop mechanism is written as 
The vector terms will all be evaluated in terms of a righthanded coordinate system whose Z axis is along S 3 and whose X axis is along a 23 . This yields the following three equations: The known sums of angles θ 1+2 , θ 3+4 , and θ 5+6 have been introduced in the terms c i+j and s i+j in the coefficients A 1 through D 3 . In the next sections, equations (13) through (15) are solved for the three joint angles θ 2 , θ 3 and θ 5 .
Solution for θ 5 and θ 6
In this section equations (13), (14) , and (15) are manipulated in order to obtain one equation in terms of the unknown sine and cosine of θ 5 . Equation (13) can be solved for c 3 and (14) for s 3 to yield 
Squaring (17) and (18) 
Substituting (23) and (24) into (20) and regrouping gives
Squaring (25) and substituting (24) 
The tan-half angle of θ 5 is now introduced as
and the sine and cosine of θ 5 may be written in terms of x 5 via the trig identities 
Substituting (29) and (30) into (26), dividing throughout by (1+x 5 2 ) 4 , and regrouping yields 
Substituting these terms into (13), (14), and (15) gives 
The corresponding value for sinθ 2 can be obtained directly from (40) as
The value for cosθ 2 will be obtained by writing (38) and (39) 
Expanding this equation yields   
Equation (41) 
Substituting (46) into (45) Knowledge of the sine and cosine of θ 2 from (41) and (47) gives a unique value for the angle θ 2 . The corresponding value of the angle θ 1 is obtained from
(48) Lastly, values for the first joint parameter, φ 1 , are obtained from (6) as
Solution for θ 3 and θ 4
The angles θ 3 and θ 4 are the last two remaining parameters to be obtained. The sine and cosine of θ 3 that correspond to each solution set of θ 1 , θ 2 , θ 5 , and θ 6 can be obtained directly from (42) and (43) yielding a unique corresponding value for θ 3 . The corresponding value for θ 4 is then obtained from
(50) At this point all the joint angle parameters have been obtained. Figure 6 illustrates the sixteen solutions.
NUMERICAL EXAMPLE
The constant mechanism parameters of an example case are presented in Table 1 . The free choice values for the offset S 6 , the hypothetical link length a 67 and the hypothetical twist angle α 67 are presented in Table 1 . The position and orientation requirements are summarized in Table 2 . The closed-the-loop parameters obtained for this case are summarized in Table 3 .
The solution for the equivalent spherical quadrilateral for the sums θ 1 +θ 2 , θ 3 +θ 4 , and θ 5 +θ 6 is presented in Table 4 . Fourteen real solutions and two complex solutions were found for this numerical example and are summarized in Table 5 . Table 5 : Joint angles corresponding to the sixteen solutions of the numerical example Figure 7 illustrates the fourteen real configurations for the open-loop manipulator in this numerical example. A forward analysis was performed as a check and all sixteen solutions, including the complex solutions, position and orient the end effector as desired.`E fforts to identify a numerical example that would yield sixteen real solutions have not yet been successful. However, the fact that the two complex solutions in this example do satisfy the problem statement indicates that sixteen is the correct degree of the solution for this geometry. Table 5 
CONCLUSION
The reverse kinematic solution of a spatial open-loop mechanism consisting of six revolute joints and six serial links, with consecutive pairs of joint axes parallel was presented in this paper. The solution technique incorporated a hypothetical closure-link to form a one degree-of-freedom closed-loop spatial mechanism where one of the joint angles, θ 7 , is known. An analysis of the equivalent closed-loop spherical mechanism resulted in the solution of two sets of solutions for the joint angle sums (θ 1 +θ 2 ), (θ 3 +θ 4 ), and (θ 5 +θ 6 ). Projection of the vector loop equation of the spatial mechanisms on three independent directions then resulted in a set of equations from which a total of sixteen solution sets for the joint angles could be obtained. A numerical example was presented which verifies the degree of the solution.
The motivation of this work is related to future applications of spatial motion generation incorporating noncircular gears. Using the geometry discussed here, five pairs of planar non-circular gears can be incorporated into a spatial twelve axis closed-loop mechanism to result in a one degreeof-freedom device where the coupler link is positioned and oriented along a desired path. This problem is currently under investigation.
